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Graphs: Finding shortest paths
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Summary

» Definitions

» Floyd-Warshall algorithm

» Bellman-Ford-Moore algorithm
» Dijkstra algorithm
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Definitions

Graphs: Finding shortest paths

Definition: weight of a path

» Consider a directed, weighted graph G=(V,E), with weight
function w: E—>R
This is the general case: undirected or un-weighted are
automatically included
» The weight w(p) of a path p is the sum of the weights of
the edges composing the path

wip)= ) w(w)
(uv)ep
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Definition: shortest path

» The shortest path between vertex u and vertex v is
defined as the mininum-weight path between u and v, if
the path exists.

» The weight of the shortest path is represented as d(u,v)
» If v is not reachable from u, then 6(u,v)=c0

5 Tecniche di programmazione A.A.2013/2014

Finding shortest paths

» Single-source shortest path

Given u and v, find the shortest path between u and v

Given u, find the shortest path between u and any other vertex
» All-pairs shortest path

Given a graph, find the shortest path between any pair of
vertices

6 Tecniche di programmazione A.A.2013/2014
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What to find?

» Depending on the problem, you might want:
The value of the shortest path weight
Just a real number
The actual path having such minimum weight

For simple graphs, a sequence of vertices. For multigraphs, a sequence

of edges
7 Tecniche di programmazione A.A.2013/2014
What is the shortest path between
Example i
sand v?
6
u " v
3
5 [~
3
6
X Y
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Representing shortest paths

» To store all shortest paths from a single source u, we may
add
For each vertex v, the weight of the shortest path 6(u,v)
For each vertex v, the “preceding” vertex m(v) that allows to
reach v in the shortest path
For multigraphs, we need the preceding edge
» Example:
Source vertex:u
For any vertex v:
double v.weight ;

Vertex v.preceding ;

9 Tecniche di programmazione  A.A.2013/2014
Example
| Vertex | Previous_
s NULL
u 6—’ v u S
— + X u
3 v X
Yy \4
A 2 I 4 7 |2
\ Weight
5 [~ s 0
3 u 3
6 X 4
“ /NN v 8
- - y 10
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Lemma

» The “previous” vertex in an intermediate node of a
minimum path does not depend on the final destination

» Example:
Let p, = shortest path between u and v,
Let p, = shortest path between u and v,
Consider a vertex w € p; N p,

The value of m(w) may be chosen in a single way and still
guarantee that both p, and p, are shortest

I Tecniche di programmazione A.A.2013/2014

Shortest path graph

» Consider a source node u

v

Compute all shortest paths from u

Consider the relation En = { (v.preceding, v) }

v

» EncE

Vr ={v €V :v reachable from u }

Gn = G(Vr, En) is a subgraph of G(V,E)
» G the predecessor-subgraph

v v
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Shortest path tree

» Gr is a tree (due to the Lemma) rooted in u

» In G, the (unique) paths starting from u are always
shortest paths

» Gm is not unique, but all possible Gr are equivalent (same
weight for every shortest path)

13 Tecniche di programmazione  A.A.2013/2014
Example
s NULL
u v u s
X u
3 v X
y v
. | 4 2
s 0
u 3
X 4
. y v 8
y 10
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Special case

» If G is an un-weighted graph, then the shortest paths may
be computed just with a breadth-first visit

I5 Tecniche di programmazione A.A.2013/2014

Negative-weight cycles
» Minimum paths cannot be defined if there are negative-
weight cycles in the graph

» In this case, the minimum path does not exist, because
you may always decrease the path weight by going once
more through the loop.

» Conventionally, in these case we say that the path weight
is -0,

16 Tecniche di programmazione A.A.2013/2014
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Example
a ;. b
4
3 /6\.
.- »
2 3
7
3N
e f
N~ S
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Minimum-weight paths from
Example source vertex s
3 -1
a ;, b
¢ 4
- - 2. % .2
2 w
7
-oo/?\ =00
€ f
\\\\;2_’///
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Lemma

» Consider an ordered weighted graph G=(V,E), with weight
function w: E—>R.

» Let p=<v,,V,, ..., V> a shortest path from vertex v, to
vertex v,.

» For all ijj such that|<i<j<k, let p;=<v,, vy, ..., vj> be the

sub-path of p, from vettex v, to vertex v;.

» Therefore, p; is a shortest path from v; to v,.

19 Tecniche di programmazione A.A.2013/2014

Corollary

» Let p be a shortest path from s to v

» Consider the vertex u, such that (u,v) is the last edge in
the shortest path

» We may decompose p (from s to v) into:
A sub-path from s to u
The final edge (u,v)

» Therefore
> 3(s,v)=0(s,u)+w(u,v)

20 Tecniche di programmazione A.A.2013/2014
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Lemma

» If we chose arbitrarily the vertex u, then for all edges
(u,v) eE we may say that

21

» O(s,V)<d(s,u)+w(u,v)

Tecniche di programmazione A.A.2013/2014

Relaxation

» Most shortest-path algorithms are based on the
relaxation technique

» It consists of

22

Keeping track of an updated estimate d[u] of the shortest path
towards each node u

Relaxing (i.e., updating) d[v] (and therefore the predecessor
nt[v]) whenever we discover that node v is more conveniently
reached by traversing edge (u,v)
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Initial state

» Initialize-Single-Source(G(V,E), s)

for all verticesv e V

do
d[v]<—oo
n[v]«—NIL
d[s]<-0
23 Tecniche di programmazione A.A.2013/2014
Relaxation

» We consider an edge (u,v) with weight w
» Relax(u, v, w)
if d[v] > d[u]+w(u,v)
then
d[v] < d[u]+w(u,v)
n[v] <~ u

24 Tecniche di programmazione A.A.2013/2014
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Example 1

5 9

u _— v
Relax(u,v,w)

5 7

25

Before:

Shortest path to v
weights 9, does not
contain (u,v)

After:

Shortest path to v
weights 7, the path
includes (u,v)

Tecniche di programmazione A.A.2013/2014

Example 2

5 6
u E—— v
Relax(u,v,w)
5 6
u — v

26

Before:

Shortest path to v
weights 6, does not
contain (u,v)

After:

No relaxation possible,
shortest path unchanged
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Lemma
» Consider an ordered weighted graph G=(V,E), with weight
function w: E—>R.
» Let (u,v) be an edge in G.
» After relaxation of (u,v) we may write that:
» d[v]<d[u]+w(u,v)

27 Tecniche di programmazione A.A.2013/2014

Lemma

» Consider an ordered weighted graph G=(V,E), with weight
function w: E—>R and source vertex seV.Assume that G
has no negative-weight cycles reachable from s.

» Therefore

After calling Initialize-Single-Source(G;s), the predecessor
subgraph Gr is a rooted tree, with s as the root.

Any relaxation we may apply to the graph does not invalidate
this property.

28 Tecniche di programmazione A.A.2013/2014
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Lemma

» Given the previous definitions.
» Apply any possible sequence of relaxation operations
» Therefore, for each vertex v
d[v] = 5(s,v)
» Additionally, if d[v] = J(s,v), then the value of d[v] will not
change anymore due to relaxation operations.

29 Tecniche di programmazione A.A.2013/2014

Shortest path algorithms

» Differ according to one-source or all-sources
requirement

» Adopt repeated relaxation operations

» Vary in the order of relaxation operations they perform

» May be applicable (or not) to graph with negative edges
(but no negative cycles)

30 Tecniche di programmazione A.A.2013/2014
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Floyd-Warshall algorithm

Graphs: Finding shortest paths

actssn

Floyd-Warshall algorithm

Frovo-WassaLL

» Computes the all-source

# Weighted
Directed EHER Overflow|

shortest path owr | o

» dist[i][j] is an n-by-n matrix B
that contains the length of a ik

4 pred|

shortest path from vi to vj. s asl-0

» if dist[u][v] is e, there is no
path from u to v §

» pred[s][j] is used to ; S
reconstruct an actual . el o
shortest path: stores the
predecessor vertex for
reaching vj starting from
source vs

6
7. distiullv] = weight of edge (uv)
8. i

Bw =

Bowom = o
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Floyd-Warshall: initialization

allPairsShortestPath (G)
1. foreachu&Vdo

2 foreachveVdo G
3 dist[u][v] = oo

4 predu][v] = -1

5. dist[u][u] =0

6 foreach neighbor v of u do

7 dist[u][v] = weight of edge (u,v)
8 pred[u][v] = u

33 Tecniche di programmazione A.A.2013/2014

Example, after initialization

0|8 |B|o|lo

BI8|I8 o=
RI8|o|lw|8 ([~
Ol |=|8 ||l

~N|o|wn|8 |8 |w

BwW N = O

8

dist[u][v]
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Floyd-Warshall: relaxation

9, foreacht= Vdo _ -

-

10. foreachu € Vdo h‘"‘“m,h t=0

11. foreachv € V do g
12. newlLen = dist[u][t] + dist[t][v]
13. if (newLen << dist[u][v]) then
14. dist[u][v] = newLen
15. pred[u][v] = pred[t][v]
35 Tecniche di programmazione A.A.2013/2014
Example, after step t=0
0123 4
y 24D olof2]x[x]4
oy 4 @ 1leel0]| 3|
V] 2 xe|e|0]5]1
© I dloc|lw]|loe| 710
lt=1
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Example, after step t=1

L

2
H
3
0
13|

co

Ll R = =
= |8 ||

glelm|=

co
o
w

8
8

~N|[o|luvn|8 |8 |w
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Example, after step t=2

L E=0 SR

|||

W = O
o
Lad
~l|lo|u
(")

8
8
8
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Example, after step t=3

—
=
= |hlk|&

~ | |u|oo
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Complexity

» The Floyd-Warshall is basically executing 3 nested loops,

each iterating over all vertices in the graph
» Complexity: O(V?3)
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Implementation

org jgraphtalg

Class FloydWarshallShortestPaths<V E>

java.lang.Object
org. nt.alg. Fl 1 B>

public class FloydWarshallShortestPaths<V,E>
extends java.lang.Object

The Floyd-Warshall algorithm finds all shortest paths (all n"2 of them) in O(n"*3) time. This also works out the graph diameter during the process.

Author:
Tom Larkworthy, Soren Davidsen

Constructor Summary

FlovdWarshallShortestPaths (Graph<V,E> graph)

Method Summary

double

getDiameter|()

Greph<V,E>| getGraph i)

Cz2ohPathel,E>| getshortestatn (¥ a, ¥ b)
Get the shortest path between two vertices.

Java.uril.List<GraphPathcy, E>> | getSnortestPaths (U v)
Get shortest paths from a vertex to all other vertices in the graph

int| getshortestPathsCount ()

double|snortestDistance (¥ a, T b)
Get the length of a shortest path

41 Tecniche di programmazione A.A.2013/2014
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Bellman-Ford-Moore Algorithm

Graphs: Finding shortest paths
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Bellman-Ford-Moore Algorithm
» Solution to the single-source shortest path (SSSP)
problem in graph theory
» Based on relaxation (for every vertex, relax all possible
edges)
» Does not work in presence of negative cycles
but it is able to detect the problem

» O(VE)

43 Tecniche di programmazione A.A.2013/2014

Bellman-Ford-Moore Algorithm

dist[s] < o (distance to source vertex is zero)
for all v e V-{s}

do dist[v] < (setall other distances to infinity)
fori —oto|V]|

forall (u,v) €EE

do if dist[v] > dist[u] + w(u, v) (if new shortest path found)
then d[v] «—d[u] + w(u, v) (set new value of shortest path)
(if desired, add traceback code)

forall (u,v) €E (sanity check)

do if dist[v] > dist[u] + w(u, V)
then PANIC!

44 Tecniche di programmazione A.A.2013/2014
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Dijkstra’s Algorithm

Graphs: Finding shortest paths

Dijkstra’s algorithm

» Solution to the single-source shortest path (SSSP)
problem in graph theory

» Works on both directed and undirected graphs

» All edges must have nonnegative weights
the algorithm would miserably fail

» Greedy

. but guarantees the optimum!

e
46 Tecniche di programmazione ~A.A.2013/2014
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Dijkstra’s algorithm

dist[s] <o (distance to source vertex is zero)
for all v e V-{s}
do dist[v] < (setall other distances to infinity)
S—@ (S, the set of visited vertices is initially empty)
Q—V (Q, the queue initially contains all vertices)
while Q =@ (while the queue is not empty)
do u « mindistance(Q,dist) (select e € Q with the min. distance)
S—Su{u} (add u to list of visited vertices)
for all v € neighbors[u]
do if dist[v] > dist[u] + w(u, v) (if new shortest path found)

then d[v] «d[u] + w(u, v) (set new value of shortest path)
(if desired, add traceback code)

47 Tecniche di programmazione A.A.2013/2014

Dijkstra Animated Example

Initialize:

0: 4 B C

48 Tecniche di programmazione A.A.2013/2014
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Dijkstra Animated Example

49 Tecniche di programmazione A.A.2013/2014

Dijkstra Animated Example

Q:

""’8

o>

N

4

8 8|1

= 8

S {4}

50 Tecniche di programmazione A.A.2013/2014

4/30/2015

25



Dijkstra Animated Example

10 o0

O: | B
0 oo oo
10 3

S {4 C}

51
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Dijkstra Animated Example

7 11

g
3

0 D E (&)
0 ® o0 o 0 5
10 B o 00
7 11 5

Y =Y
S: {4 C)
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Dijkstra Animated Example

S {4 CE)

53 Tecniche di programmazione A.A.2013/2014

Dijkstra Animated Example

Q.‘ B D
0 0 00
10 13 o o
7 11 5 , .
7 11 S: {4, C E}
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Dijkstra Animated Example

10 &

7 11 , .

7 11 ‘S{A,(,E,B}
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Dijkstra Animated Example

10
i
7
Y =Y
9 S {4 C E B}
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Dijkstra Animated Example

7 9

0
0:
00 0o o o o

10 Bl o

7 11 & 3 S

7 11

9 S:{A, CE B D}
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Why it works

» A formal proof would take longer than this presentation,
but we can understand how the argument works
intuitively

Think of Djikstra’s algorithm as a water-filling algorithm
Remember that all edge’s weights are positive

58 Tecniche di programmazione A.A.2013/2014
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Dijkstra efficiency

» The simplest implementation is:
O(E +V?)

» But it can be implemented more efficently:
O(E+V-logV)

Floyd—Warshall: O(V3)
Bellman-Ford-Moore : O(V-E)

Tecniche di programmazione A.A.2013/2014

Applications

» Dijkstra’s algorithm calculates the shortest path to every
vertex from vertex s (SSSP)

» It is about as computationally expensive to calculate the
shortest path from vertex u to every vertex using
Dijkstra’s as it is to calculate the shortest path to some
particular vertex t

» Therefore, anytime we want to know the optimal path to
some other vertex t from a determined origin s, we can
use Dijkstra’s algorithm (and stop as soon t exit from Q)

60 Tecniche di programmazione A.A.2013/2014
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Applications

» Traffic Information Systems are most prominent use
» Mapping (Map Quest, Google Maps)
» Routing Systems

ve Router A
25 Y Routing Table
£/ ol Togoto Routevia

network: port & 10.0.0.0

hub or
=witch

10.0.0.0 1
20.0.0.0 2
30,000 3
40.0.0.0 1

Port 1

%
[t
%
i ot *@ B Port 1
@
¥
14

=

Port 2 Port 3 = =

Port 2

D‘A N .,"'x
) Z QQ: ;g,.%_. GJGJ Q, " . Router A
"%

. 20.0.0.0 30.0.0.0 10.0.0.0
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Dijkstra's Shortest Path Algorithm

» Find shortest path from s to t

4/30/2015
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Dijkstra's Shortest Path Algorithm

s={}
Q={s23,4,56,71t}

distance label =)

Dijkstra's Shortest Path Algorithm

S={1}
Q={s23,456,71t}

delmin

l 0

(D 24
0 9 /

18
14 ©
30 ©
15
5
20
7 44

distance label ==

4/30/2015
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Dijkstra's Shortest Path Algorithm

s={s}
Q={2,3,45¢671t}

decrease key

% 9 ®
/@7 #
9 /
18
14 % 14 ) ¢
0
30 0 0 19
15
5
6
2 16
7 44 ¢
distance label =) 3¢ |5 @©

Dijkstra's Shortest Path Algorithm

s={s}
Q={2345¢671t}

delmi
9, elmin w

distance label == 3¢ |5 )

4/30/2015
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Dijkstra's Shortest Path Algorithm

S={s2}
Q={3,4,56,7t}

S={s2}

decrease key

% 33

4/30/2015
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Dijkstra's Shortest Path Algorithm

S={s2}
Q={3,4,56,7t}

S={s26}

4/30/2015
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Dijkstra's Shortest Path Algorithm

S={s26}
Q={3,4,571}

> % 15 4@ delmin 00

Dijkstra's Shortest Path Algorithm

$={s267}
Q={345¢)}

4/30/2015
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Dijkstra's Shortest Path Algorithm

$={s526,7}
Q={3,45+¢t}

delmin

AY

$={s2,3,67}
Q={451}

4/30/2015
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Dijkstra's Shortest Path Algorithm

$={52367}
Q={451}

$={s523567}
Q={4rt}

4/30/2015
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Dijkstra's Shortest Path Algorithm

$={s23567}
Q={4t}

$={s2,3,4567}
Q={t}
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Dijkstra's Shortest Path Algorithm

$={5234567}
Q={t}

$={s2,3,45671t}
Q={}

4/30/2015
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Dijkstra's Shortest Path Algorithm

$={5234,567t}

Q={}
32
% 9 % 3X
/V@* 24 3
0 9 /
18
14 X 14 ¢
2 X% 34 45 %
30 %X 0 19
15
5
6
20 IG\X}
7 44 t
% 15 50 X 5@ X

Shortest Paths wrap-up

Floyd-Warshall No negative cycles
Bellman-Ford SS No negative cycles
Repeated Bellman-Ford AP No negative cycles
Dijkstra SS No negative edges
Repeated Dijkstra AP No negative edges
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JGraphT <>

public class FloydWarshallShortestPaths<V,E>
public class BellmanFordShortestPath<V,E>
public class DijkstraShortestPath<V,E>

Y MAESE

List<GraphPath<V,E>> getShortestPaths (V v)
GraphPath<V,E> getShortestPath (V a, V b)
id ~SSSE

GraphPath<V,E> getPath ()

83 Tecniche di programmazione A.A.2013/2014

Resources

» Algorithms in a Nutshell, G. Heineman, G. Pollice, S.
Selkow, O’Reilly, ISBN 978-0-596-51624-6, Chapter 6
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http://shop.oreilly.com/product/9780596516246.do
http://en.wikipedia.org/wiki/Floyd%E2%80%93Warshall_algorithm
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